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SCF calculations of the ring current contributions to the diamagnetic susceptibilities of certain 
conjugated hydrocarbons are compared with the Htickel values. It is shown that discrepancies arise 
because of the inherent inability of the HiJckel formalism to allow for two-electron terms in the 
Hamiltonian. A modified Hiickel scheme is proposed which rectifies this omission while still retaining 
the fundamental simplicity of the theory. 

La contribution des courants cycliques /l la susceptibilit~ diamagn6tique des hydrocarbures 
conjugu~s est calcul6e par la m6thode SCF-MO et compar6e avec les valeurs obtenues par la m&hode 
de Htickel. On montre que les d6saccords proviennent de l'inaptitude propre au formalisme de Hiickel 
de tenir compte des termes bi61ectroniques contenus dans l'hamiltonien. On propose une m6thode de 
Hiickel modifi6e qui corrige cette omission tout en conservant la simplicit6 de la th6orie. 

Der Anteil des Ringstroms an der diamagnetischen Suszeptibilit~it konjugierter Kohlenwasser- 
stoffe wurde mit der SCF-MO-Methode berechnet und mit den mittels Hiickelmethode erhaltenen 
verglichen. Es wird gezeigt, dab die Unterschiede daher riihren, dab im Hiickelformalismus die Zwei- 
elektronenterme des Hamiltonoperators nicht richtig beriicksichtigt sind. Ein modifiziertes Hiickel- 
schema, das diese Terme beriicksichtigt, aber die fundamentale Einfachheit der Theorie beibeh~ilt, 
wird angegeben. 

Introduction 

The first acceptable q u a n t u m  mechanical  theory of the ring current  contri-  
bu t ion  to the magnet ic  susceptibilities of conjugated molecules was due to 
L o n d o n  [1]. Based on the Hiickel  approximat ion ,  his theory is very easy to apply 
and  m a n y  calculat ions have been made  using it [ 1 - - 5 ] .  In  recent years, however, 
with the general  tendency to replace Hiickel theory by the self-consistent version 
of molecular  orbi tal  theory, there have been a n u m b e r  of calculat ions of magnet ic  
susceptibilities using this latter method  [6 - -8 ] .  It has been usual  to present  nume-  
rical results in a relative form (with benzene as the reference molecule) rather than  
by giving the absolute  values. Consequent ly ,  it does no t  seem to be generally 
k n o w n  that  the two methods  give very different results. This  is i l lustrated in 
Table  1 where the first two co lumns  give the Hiickel values for the ring current  part,  
i f ,  of the susceptibilities for a n u m b e r  of molecules. The second two columns give 
the self-consistent results 1. Both sets of results are given in absolute  and  relative 

1 By SCF treatment, in this context, we refer to uncoupled Hartree-Fock perturbation theory 
with appropriate corrections c.f. Ref. [8]. 
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Table 1. Comparison of Hiickel and SCF susceptibilities Z R (units of 10 -6 cgs emu) 

Molecule SCF ~ Hiickel b Modified Hiickel 

Z R 0 c Z R Qc 2 = 0.5 2 = 0.55 

Benzene - 31.2 1 - 56.8 1 - 28.4 - 31.2 
Naphthalene - 67.5 2.16 - 124.3 2.19 - 62.2 - 68.4 
Azulene - 72.1 2.31 - 128.3 2.26 - 64.2 - 70.6 
Styrene - 29.8 0.96 - 51.7 0.91 - 25.9 - 28.5 
Diphenyl - 59.9 1.92 - 106.1 1.87 - 53.1 - 58.4 
Anthracene - 107.0 3.43 - 195.8 3.45 - 97.9 - 107.7 
Phenanthrene - 100.4 3.22 - 184.5 3.25 -92.3 - 101.5 
Pyrene - 144.1 4.62 -260.0 4.58 - 130.0 - 143.0 

a lg and 7 parameters chosen in Ref. [8]. 
b To allow direct comparison fl (Hiickel) was chosen to be 

neighbour entries in the SCF matrix for benzene a. 
c 0 indicates ratio to benzene. 

-4.35 eV, being equal to the nearest 

f o r m .  F r o m  t h e  t a b l e  i t  is c l e a r  t h a t  t h e  t w o  se t s  a r e  in  fa i r ly  g o o d  a g r e e m e n t  

w h e n  r e l a t i v e  v a l u e s  a r e  used .  H o w e v e r ,  i n  a b s o l u t e  t e r m s  t h e  H i i c k e l  r e s u l t s  a r e  

a p p r o x i m a t e l y  tw ice  as  b ig  as  t h e  s e l f - c o n s i s t e n t  o n e s  2. 

I t  is  t h e  p u r p o s e  o f  t h i s  n o t e  to  g ive  r e a s o n s  for  t h i s  a n d  to  s h o w  h o w  H i i c k e l  

t h e o r y  m a y  b e  m o d i f i e d  i n  a s i m p l e  w a y  to  g ive  r e s u l t s  in  b e t t e r  a g r e e m e n t  w i t h  

t h e  s e l f - c o n s i s t e n t  ones .  

As  a f u r t h e r  c o m m e n t  o n  t h e  a b s o l u t e  v a l u e s  o f  f f  we re fe r  to  a n o n - e m p i r i c a l  

c a l c u l a t i o n  o f  t h i s  q u a n t i t y  fo r  b e n z e n e  m a d e  b y  I t o h ,  O h n o  a n d  Y o s h i z u m i  [ 9 ] .  

T h e i r  v a l u e  fo r  f f  is  - 1 6 . 8 2  (10 - 6  c .g . s . e .m.u . ) .  T h i s  t e n d s  t o  s u g g e s t  t h a t  t h e  

H f i c k e l  v a l u e s  a r e  m u c h  t o o  l a rge  a n d  t h a t  e v e n  t h e  S C F  r e s u l t s  m a y  n e e d  to  b e  

r e v i s e d  d o w n w a r d s .  O n  t h e  o t h e r  h a n d ,  i t  is we l l  k n o w n  t h a t  m a n y  c a l c u l a t i o n s  

o n  re -sys tems  u s i n g  n o n - e m p i r i c a l  i n t e g r a l s  g ive  v e r y  u n r e l i a b l e  resu l t s .  

I t  is c l ea r ly  n o t  t h e  p u r p o s e  o f  t h i s  p a p e r  t o  j o i n  in  t h e  p r e s e n t  c o n t r o v e r s y  

as  t o  w h e t h e r  o r  n o t  r i n g  c u r r e n t  c a l c u l a t i o n s  a r e  v a l i d  (c.f. Ref .  [10] ) .  H o w e v e r ,  

we  s h o u l d  p e r h a p s  r e f e r  t o  t h e  p a p e r  b y  N o w a k o w s k i  [ 1 1 ]  w h o  f inds  t h a t  r a t h e r  

b e t t e r  a g r e e m e n t  w i t h  e x p e r i m e n t  c a n  b e  o b t a i n e d  u s i n g  t h e  r i n g  c u r r e n t  a p p r o a c h  

r a t h e r  t h a n  t h a t  s u g g e s t e d  b y  M u s h e r  [10] .  

Theory 

C o n s i d e r  a z e r o - o r d e r  w a v e  f u n c t i o n  fo r  t h e  x - e l e c t r o n s  in  a c o n j u g a t e d  

m o l e c u l e  
~ o  Lr176162176 o o . . . .  r 162  (1) 

T h e  m o l e c u l a r  o r b i t a l s  {q~O} a r e  w r i t t e n  as  l i n e a r  s u m s  o f  a t o m i c  2pz- l ike  o r b i t a l s  

2 This does, of course, depend on the choice of/~-parameter in the Hiickel method. We would 
argue that, for consistency, the Hiickel/~ should correspond to the nearest-neighbour elements of the 
SCF Hamiltonian and we have chosen such a value (c.f. Footnote b of Table 1). Naturally, by choosing 
a different value of fl the SCF and I-Iiickel absolute values of )~R can be made consistent but such a 
choice of fl is completely lacking in any theoretical justification and, indeed, obscures the underlying 
differences between the two methods, which it is the purpose of this note to explore and, eventually, 
remove. 
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{co,} so that 

b~ = Z a~176 (2) 
S 

and are eigenfunctions of the one electron Hamiltonian F ~ i.e. 

F~ ~ = e~ ~ (3) 

where ~o is the orbital energy. 
The form of F ~ will depend on whether Hiickel or SCF theory is used. In the 

latter, F ~ consists of two parts, the first arising from the one electron terms in the 
total Hamiltonian and the second corresponding to Coulomb and exchange 
operators. In Hiickel theory no such distinction is made, F ~ corresponding to a 
single entity. In practice, at least for alternant hydrocarbons, this difference in the 
two methods does not matter as far as the numerical values of a~ and e ~ are 
concerned since the two methods give similar results. The difference becomes 
important in the calculation of total energies, since the one electron terms have to 
be treated differently from the Coulomb and exchange terms. The Htickel method 
cannot do this, and therefore great care must be taken when using Hiickel theory 
to find total energies 3. 

In the presence of a uniform magnetic field H, 7% will change to 

7 s = le~tct491fl ... ~ , ~ p , f l [  (4) 

where, following London, the {~bi} are written as linear combinations of gauge- 
invariant atomic orbitals {Zs} 

~i = Z aisZs (5) 
s 

where Zs = o)s e x p ( - i e A s "  r), A s = �89 x Rs, e = e/hc and R, is the position vector 
of atom s relative to the chosen origin of the vector potential, A. 

The {q$1} now satisfy an equation analogous to (3) 

F ~ i  = eitfl, (6) 

but where the matrix elements of F will now depend on the field H. 
At this point there is considerable divergence between the Htickel and self- 

consistent methods. For  the former the matrix elements (~o,1 Flog,) = F,, Of F are 

F~t(H) = F~ exp (iL,~) (7) 

where Lst = �89 (H x Rs) . R t while in the SCF treatment 

F~,(S) = H~ exp(iL~,) + V~t(S) (8) 

where Vf corresponds to the two-electron terms " o 0 an Fst, and H,, to the one electron 
terms and in (7) and (8) H and S refer to HiJckel and SCF. Moreover, by considering 
the derivations of(7) and (8) (c.f. Refs. [1, 7, 8]) it is clear that the difference is due 
to the inability of Hiickel theory to allow for the exchange terms in F ~ 

a An example is the fact that ordinary Hiickel theory predicts singlet and triplet states to have the 
same energy. This is because the difference between the two depends on two-electron integrals which 
are not considered in the simple form of the theory. For  an empirical attempt to include such integrals 
in order to estimate triplet energies more accurately within the Hiickel scheme see [12]. 
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This is not the only difference between the two theories. In the Hiickel method 
the total energy is, incorrectly, taken to be 

o c t  

2 Y' ~ .  (9) 
i 

Expanding all quantities in orders of the field and using primes to denote first 
and second order terms, we therefore obtain the Htickel expression for the ring 
current part  of ;~ as 

o c r  

xR(H) = - 4  Z gi' 
i (10) 

o r  o e r  

= -  4 ~ (q~~ Z (~b~176 �9 
i i 

The self-consistent expression for Z R will differ from this because i) F is given 
by (8) instead of(7) and ii) the correct expression for the total energy is used rather 
than (9). The net result is 4 

o c t  o c t  

zR(S) = - 8  ~ (q~~ - 4  ~ (q~~176 (11) 
i i 

A Modification of  the Hiickel Method 

It  is clear from the previous section that some modification of Htickel theory 
is needed if it is to give numerical results for Z R similar to those of SCF theory. 
It is also clear that this modification must amount  to an introduction of exchange 
terms into the Hiickel method.  There are several ways in which this might be done 
but most  of them destroy the simplicity which makes the Htickel method so at- 
tractive. We therefore propose to use the following rather naive idea which has the 
great advantage of retaining this simplicity. 

An examination of the elements of an SCF Hamil tonian for nearest neighbour 
elements (corresponding to the off diagonal elements of a Hiickel Hamiltonian) 
reveals that the ratio of the one electron terms to the two electron terms is fairly 
constant and, in fact, H~ ,~ V~ ~ If we assume that the Hiickel Hamil tonian can also 
be divided into two parts such that the ratio of Coulomb and exchange terms to 
other terms is the same for all elements s, i.e. 

F~ = H~ V~~ 

with 
H~ ~ = 2 r l  o 

and 

(12) 

v s  o = (1  - ~ ) r  o 

then we shall have achieved our Object of introducing two electron terms into 
Htickel theory in a very simple way. F rom the SCF results where, for nearest 
neighbours, H ~  Vs~ we can expect 2 ~ 0.5. 

4 Note that (11) is the uncoupled result plus correcting terms discussed in Ref. [8]. In fact (11) 
is just Eo2 +/~o2 in the notation of [8]. 

5 We note that (12) will only be suitable for off diagonal terms and not at all for the diagonal ones, 
but fortunately the latter do not enter the calculations since Ls, = 0 for s = t. 
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Applying assumption (12) to Eq. (8) and using M.H. to indicate the modified 
Htickel method we have, instead of (7) 

Fst(M.H.) = 2F~ exp (i/:st) + (1 - 2)F~ (13) 

and instead of (10) we have 
o c t  

zR(M.H.) = - 8 2 2 ~ (q~~ 
i (14) 

o c t  

- 4 2  ~ <q~~176 
i 

We recall that 2 ~ 0.5 so that 22 ~ �89 thus giving 

xR(M.H.) = 2 - 4  )-" (~b~ 4 ~ (~b~176 
i i (15) 

= 2 i f ( H ) .  

Since we expect f f (M.H.)  to be approximately equal to i f (S)  then we have 

if(S)  ~ ff(M.H.)  = 2 i f ( H ) .  (16) 

Equation (16) can be used to give an explanation of the first four columns of 
Table 1. For, since 2 ~ 0.5, (16) implies that Z a (Htickel) is approximately twice 
as big as i f (S)  which is the case. Moreover, if we assume 2 to be the same for all 
molecules (16) also implies that 

i f(S)  i f (H)  
ZbRe . . . . .  ( S )  "~ R zb . . . . . .  (H) 

which is also the case. This leads us to suppose that the modification suggested 
in Eq. (12) is likely to be useful in calculations of f t .  We now give further numerical 
examples which reinforce this opinion. 

N u m e r i c a l  E x a m p l e s  

The objection to using the figures in Table 1 to test the modified Htickel 
method is that the SCF and HiJckel zero order Hamiltonians are different. To 
eliminate this we have taken the SCF F ~ matrix and used it as if it were a Htickel 
matrix. On this basis we have found i f (H) ,  using (7) and (10). As expected and as 
shown in the first two columns of Table 2 this leads to much larger values than 
if(S). We then calculated f f (M.H.)  with 2 = 0.5 (Table 2). f f (M.H.)  and i f (S)  are 
in quite good agreement although the former seem to be uniformly too small. 
Finally we chose 2 to give the best fit between if(S)  and ff(M.H.).  This is for 
2 = 0.55 6 and the f f (M.H.)  for this value are given in the third column of the table. 
It is seen that there is quite good agreement with the self-consistent values. 

6 This contradicts the step leading from (14) to (15). However, a term by term numerical comparison 
of (14) with the corresponding SCF values indicates that  agreement is best when 22 is replaced by �89 
even with )~ = 0.55. Presumably this is due to the fact that (12) is an approximation so that the use of 
�89 rather than  22 represents some adjustment due to a small accumulat ion of errors. 
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Table 2. Comparison of HiickeI a and SCF susceptibilities )~R (units of 10 -6  cgs emu) 

Molecule SCF Hiickel ~ 

X R Z R (H) 
Z g (M.H.) 
2=0.5 2=0.55 

Benzene -31.2 -54.1 -27.1 -29.8 
Naphthalene - 67.5 - 119.6 - 59.8 - 65.8 
Azulene - 72.1 - 137.4 - 68.7 - 75.6 
Styrene - 29.8 - 57.3 - 28.7 - 31.6 
Diphenyl - 59.9 - 112.3 - 56.3 - 61.9 
Anthracene - 107.0 - 191.5 -95.8 - 105.4 
Phenanthrene - 100.4 - 181.2 - 90.6 - 99.7 
Pyrene - 144.1 - 253.7 - 126.9 - 153.8 

a Treating the SCF zero-order Hamiltonian as a Hiickel Hamiltonian. 

This seems final conf i rmat ion  that  the modified Hiickel  procedure  can allow 
for the satisfactory inco rpo ra t ion  of two electron terms in to  Hiickel theory. We 
re turn  to Table  1 to see if, by a 2 scaling, the t rue Hiickel values can be b rought  
into reasonable  coincidence with the SCF values. The fifth co lumn  of Table  1 
gives the values ob ta ined  when 2 = 0.5 and  the last co lumn  for 2 = 0.55. The latter 
was again chosen to give the best fit. As can be seen xR(H) and  )~R(S) agree very well 
using this method.  Thus,  it seems that  the 2 scaling is more  or less unaffected by 
the fact that  the SCF and  Hiickel F ~ are rather  different. 

Conclusion 

We have poin ted  out  that  the r ing current  con t r ibu t ions  to )~ as calculated by 
the Hfickel and  SCF methods  differ by a factor of two when absolute  values are 
considered a l though the relative values are m u c h  the same. We have shown that  
this is due to the lack of identif iable exchange terms in the Hiickel Hami l ton ian ,  
which can be rectified by a simple modif icat ion.  This leads to the result that 
zR(S),~2zR(H) where 2 ~ 0 . 5 .  A numer ica l  compar i son  indicates that  this 
relat ion holds rather  well for a fairly large n u m b e r  of conjugated  molecules so 
that  the modified Hiickel  me thod  can take in to  account  no t  only the exchange 
terms bu t  also the fact that  the Hiickel and  SCF zero order  Hami l ton ians  differ. 

Since the Htickel me thod  is so much  easier to apply than  the SCF method,  we 
have, therefore, the very useful practical  result  that,  provided they are scaled by 
a factor of approximate ly  0.55, the Htickel zR will prove to be perfectly satisfactory 
for most  molecules. 
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